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This article describes two mathematical formalisms for the determination of the second and fourth order
parameters of molecular films using optical spectroscopy. Method A uses polarized total internal reflection
fluorescence (TIRF) to calculate the second and fourth order paramdgns 6) Jand [P4(cos 0)[] using

an independently determined value for the angle between the absorption and emission gipdétbpd B
usedP,(cosh)[bbtained from attenuated total reflectance (ATR) data, along with polarized TIRF measurements

to calculateéP4(cosf)andéos yLIThe choice of a specific method should rely on experimental considerations.

We also present a method to separate the contributions of substrate surface roughness and dipole orientation
with respect to the molecular axis from the spectroscopically determined second and fourth order parameters.
Finally, a maximum entropy approach for construction of an orientation distribution from order parameters

is compared with the commonly used delta and Gaussian distributions.

1. Introduction superstrate, 7, zZ

Molecular structure and orientation in organic thin films have molecular film, n,
a profound impact on their biological, chemical, and physical
properties. Focusing on the determination of molecular
orientation in thin films, it is important to divide the goal p
into two major tasks. The first task is to extract orientation

substrate ® £

. y
. excitation
order parameters from experimental measurements of thebeam

]
]
]
]
)
]
1
]
film. This task depends on the information content of the X
experimental technique being employed (for example, if it is a A
one-photon or two-photon process) and defines the geometric p—0
information (order parameter) that a particular optical spectro- s
scopic technique can provide. Typically, the information ission d d
obtained here is the ensemble average of a particular spherical emission detecte
harmonic function (or an even Legendre polynomial term Figure 1. Configuration for polarized TIRF experiments. Fluorescence
[Pn(cos 0)0] if the film is uniaxial). The second task is to use' in the molecular film is excited by the optical field of an incoming
n .

h d ; ion distributi light beam incident in the—z plane, which is polarized at either s or
these order parameters to construct an orientation distribution. 5 ey orescence is detected normal to the substrate, and a polarizer in

Order parameters are typically limited to a few discrete pieces the detection path selects either s or p emission relative to the plane of
of information, and a model is necessary to construct an incidence x—z plane). The molecular film with a refractive index of
orientation distribution that can potentially determine an infinite 1 is between the substrate and the superstrate, which has a refractive
number of order parameters. Both tasks above have been theéndex ofn..

subject of much theoretical and experimental research over theparameters. Relevant to our work, we will focus in this

past 30 years. introduction on the determination of order parameters from
In general, the second order paramefBs(cos 6)L] can be fluorescence emission.

determined by methods such as polarized IR, UV, or visible Chapoy and DuP?#15 calculated order parameters from
absorption spectroscopies, which are techniques involving the y|arized fluorescence measurements for a geometry where the
annihilation of one photot.” Nonlinear optical techniques such optical beam could be polarized for both the excitation and
as sum frequency generation and seconq harmonic generationmission processes along the major axis of symmetaxis)
have also been used to measure the third order parameter of¢ g, optically uniaxial film. However, the literature cited above
non-centrosymmetric assemblies, as described in the work ofjg jnsufficient for dealing with measurements in the total internal
Shen et af:® Techniques based on two-photon processes suchyefiection fluorescence (TIRF) geometry, as illustrated in Figure
as Raman scatterii¢’ ** and fluorescence emission contain 1. i, this case, the optical excitation along the axis of symmetry
information that can be related to the second and fourth Order(z-axis) using p-polarized excitation light also involves a
contribution along the-axis and both Cartesian components
* To whom correspondence should be addressed. Fax: (520) 621-8407.napd to be considered for a proper calculation of order
V°F§é£ﬁﬁfe?,flc,‘f6§ﬁ2ﬁ;{?j Il sergiom@Lu.arizona.edu. parameters. Levine and co-workers have determined the second
*College of Optical Sciences. and fourth order parameters for fluorescent probes in lipid
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bilayers using an angle-resolved fluorescence depolarizationvalid, the final distribution based on the Gaussian assumption
approach, which extends to both the steady state and timefails to converge for a large number of the experimental cases.
resolved domainsl6-23 LeGrange and co-workers used Details on inherent difficulties of the Gaussian distribution are
polarized fluorescence to determine order parameters undermrovided later in the Discussion section of this article. Besides
the simplifying assumptions that the absorption and these difficulties, the Gaussian approach is limited to describing
emission dipoles are collinear and along the molecular?xfs, situations where exactly two order parameters are available and
but those assumptions are not applicable for all molecular fails to provide any answer for situations where only one or
assemblies. more than two order parameters are available.

Polarized fluorescence in a TIRF geometry has been em- Several works have described the orientation distribution
ployed by several groups 36 to recover molecular orientation function as an expansion of orthogonal Legendre terms, where
in thin-film assemblies. However, several limitations are present €ach term is an experimentally determined order parameter.
in the literature. In some cas&3®the absorption and emission Unlike the delta and Gaussian functions, the Legendre expansion
transition dipole moments are assumed to be collinear. In anothercan accommodate any number of order parameters and can
case® the polarization of the detected fluorescence was not describe the whole domain of possible values for the order
considered (theoretically and experimentally) and information Parameters. The more terms present in the expansion, the more
on both the second order parameter (from attenuated totalPrecisely the calculated distribution approaches the true distribu-
reflectance (ATR) data) and the angle between the absorptiontion. If an infinite number of order parameters could be
and emission dipoles;, was required to produce orientation experimentally determined, then the orientation distribution
information from TIRF data. In the work of Tronin et &:34 would be described exactly. Chapoy and DuPfte have
the equations for calculating the polarized fluorescence intensi- described the orientation distribution of uniaxial liquid crystals
ties have mathematical errors that are discussed in this paperusing a truncated Legendre expansion. They proposed using
Kleijn and co-worker¥-2° employed TIRF measurements to €xperimental data to calculate order parameters that successively
obtain the second and fourth order parameters of porphyrin add information abOUF the distribution by increasing terms in
molecules with circular symmetry under the assumption of the Legendre expansion. Others have also used the Legendre
complete depolarization in the porphyrin plane of the emission €xpansion to construct orientation distributifs? One dis-
dipole relative to the absorption dipol&og y[= 0.5. In later ~ advantage to using the Legendre expansion to define an
works of Kleijn dealing with linear dipole¥;3! [@og yOwas orientation distribution is that it is not a positively defined
arbitrarily chosen with the purpose of placing the order function. As a result, when only a few order parameters are
parameters inside the physical boundaries; however, this ap-used (as is the case of nearly all works in this &€}, the
proach cannot uniquely determiféog y[i(as there is a range ~ Probability density can have negative vald@$which are not -
of mathematically possible values) and lacks an experimental Physically meaningful. A typical approach in statistics and in
justification. Our method B described below overcomes this information theory is to use a maximum entropy technique to
difficulty by combining polarized TIRF data with the second détermine the most random probability function that is consistent
order parameter from ATR measurements to allow for the With the information availablé?“® The maximum entropy
determination, in addition to the fourth order parameter, of an @PProach has been used by several researchers to determine an

experimental value ditos yCin the physical/ichemical environ- ~ Orientation distribution based on measured order param-
ment of interest. eterst0:27.28.44.50n addition, this method can be applied for any

number of order parameters and always provides a positively
defined distribution.

In this paper, we describe how polarized measurements of
total internal reflection fluorescence (TIRF) are related to the
Osecond and fourth order parameters and geometric information

n the angle between absorption and emission dipoles,
o< y[J as we consider the general situation where they can
be non-collinear. We also show how polarized attenuated
total reflectance (ATR), from which the second order param-
eter is determined, can be combined with TIRF data to
solve for the fourth order parameter amgbs y[] Having
among all possible solutions that satisfies the information determined the second and fourth order parameters, we des_cribe
a method to factor out surface roughness effects and the dipole

contained in one single order parameter. If different order rientation with respect to the molecular axis in the calculation
parameters are measured and the ensemble being studied is n&f P

S . . of order parameters to allow for a clear identification of
fully ordered, each order parameter will give a different tilt angle molecular orientation. Einally. we apolv the maximum entro
under the delta distribution assumption, showing the inconsis- ) Y, PPl Py

A . method to the calculated order parameters to construct an
tency and limitations of this model.

) orientation distribution for a molecular film and compare its
An approach employing two order parameters was used by reqits with commonly used delta and Gaussian distribu-
Saavedra and co-worké?$°to construct a Gaussian distribution  tjons.

in an iterative procedure between ATR and TIRF measurements.

Other groups have also used the order parameters from

fluorescence and sum frequency generation to construct an2. Theory

orientation distribution using the Gaussian distribution as a

model333443As will be discussed below, the Gaussian distribu-  2.1. Polarized FluorescenceBy employing polarized light,
tion with a priori shape is not capable of describing a large TIRF can be used to extract information on the orientation order
fraction of the physical domain of all possible values for two parameters of a thin film. As shown in Figure 1, an optical beam
order parameters. Although the raw data in those reports remainpolarized in either the s- or p-polarization is totally reflected at

Once order parameters have been determined, several model
have been used in the literature to describe an orientation
distribution, such as delta distribution, Gaussian function,
expansion in Legendre polynomials, and maximum entropy
approach. The most common (and simplest) approach reporte
in the literature is to measure one order parameter, such as th
absorption dichroic ratio, and use a delta function distribution
(sometimes also called a narrow distribution) to determine one
specific tilt angle for the whole population of molecufés?2
The delta distribution, where all molecules have the same
geometrical configuration, is the most ordered distribution



Molecular Orientation in Thin Films

the substrate/film/superstrate interface and is used for excitation

of fluorescent species in the molecular film. A set of detection
optics collects the fluorescence signal that is emitted normal to

the sample surface. In the detection path, the optical beam passes

through a linear polarizer that filters the polarization of the
fluorescence either perpendicular or parallel to the plane of
incidence (thex—z plane), s- or p-polarization, respectively. The
combination of excitation and emission polarizations leads to
four different measurements of fluorescent intensities,|s p,

Ip» andlps where the first subscript refers to the excitation
polarization and the second subscript refers to the emission
polarization. The intensities of the fluorescence signal are given |,
by?2051

= [-E(v-8)’0 1)

WhereEa is the electric field of the excitation bea#s,is a unit
vector in the direction of the detection polarizeiis the optical
absorption dipole, andt is the fluorescence emission dipole.

To relate the TIRF signals to the optical transition dipoles,
we first consider a coordinate systexi<y —Z) where the
absorption dipole has the following components:

@)

In this coordinate system, the emission dipole, which in the
general case can be non-collinear with the absorption dipole, is
described by the following components:

Vy 0
vy |=R(»)|0 3)
VZ v

with a rotation matrix,R(y), defining the orientation of the
emission dipole with respect to the absorption dipole:

cosy O siny
10
—siny 0 cosy

R(y) = (4)

where y is the angle between the absorption and emission
dipoles (see Figure 2). The absorption and emission dipole
vectors can be fully described in the lab coordinate system (
y—2) through a set of Euler rotation matricé®(¢,0,0.):

cos¢ —sing 0\[cos® O sin6
R(¢,0,0) = |sing cos¢p 0|0 10
0 0 1/\—sin® 0 cos6

coso. —sino. 0
v
V,
14

sino. cosa. O

0 0 1
Uy

whereq, 6, andg are defined as shown in Figure 2. By inserting

the vector components into eq 1 and assuming in-plane

symmetry (random i and¢), we obtain

®)

- R(¢!01a) ‘uy
z

Hy (6)
Vy
= R(¢,0,0)| vy
Vz

X

)

y
z
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= @y E] = %{ [1+ 50 y[J +
[2 — 14¢o< y(Jdos OH

[-3 + 9tos y[itos 0Gu*v’E,” (8)

S,S

{[3 [Gog y[] +
[—2 — 2[¢0¢ y[Jdos OH
[~1+ 3o y[itos 6Gu*’E;” (9)
=@ AE? + 4, v %3{ [1+ 5@0S vy +
[2 — 14¢0g y(Jéos O[H
[—3+ 9og y[Jcos Ou*v’E> +

= iy, =

S,

E=

Z

1%{ [1 + [Bo< y[Jldos O H
[1 — 3tos ytjmos4 00 u*E}? (10)
p.s = m‘xz"/yz[ﬂix2 + mtzzyyz[ﬁzz2 16
[—2 — 2[@0¢ y[tos O+
[—1+ 3[¢os y[cos OQuA’E2 +

1ie{ [1 + o yJicod O H

[3 — [Gos y[J +

[1 — 3o ydos O u>’E? (11)

whereE?, E2, andEZ are the electric field intensities in the
molecular film along the, y, andz directions. It is worth noting
a few points in eqs 811:

(@
2 0= v 0= %{ [1+ 50¢os y[J +
[2 — 146o< y[Jdos OCH [—3 + 9dos yJdos 60 v
(12)
(b)
20,20 o2, 0= 1 [3 — (80 1) +
[—2 — 2[@0¢ y[J@éos O[H [—1 + 3os yJdos o0u*”
(13)
(c)
v 20 v [0 E{[l + [Gog y[Jéos OH
[1 — 3@os yeos OQu*? (14)

The results ac above express the complete symmetry between
the in-planex andy components; in the Appendix, we derive
expressions analogous to eqs18L for the case of a circular
absorber molecule and find identical symmetry.

(d) If the absorption and emission dipoles are collinear, then
[¢og yO= 1 and

v, 0= 2y, 20= 30 /v /0= 3 v, 0 (15)

(e) If the emission dipoles are completely depolarized
(randomized), for example, due to internal and/or Brownian
motions of the fluorophores, theidos yO0= Y3 and all four
polarized fluorescence intensitiet;e will be completely
independent of¢os' O] in addition,lss= Ispandl, p = lps As
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one would expect for complete depolarization, polarized fluorescence measurements do not add any extra orientation information
and we can only determine the second order param@&gcos 6)C] which is related to the polarized absorption process.
(f) From eqgs 8 and 9, we can determine the fluorescence anisotrofoy, an ordered system by

o lss —lsp _ [1 — 2[¢os O[H [Bos O] —2 + 660 y[] (16)
Clgs T2, [7 + 30 y[J — 2[1 + 9@og yOEos 6CH 5[—1 + 3os y[JEos 60
which for an isotropic molecular assembly, whétes 0= /3 and [éos' 6= /s, reduces to the usual relation:
_23 _4_2
r= 5[2@o§ YO 2] = 2P (cos )0 (17)

Returning to the general case expressed in egEl8 we observe that eqs 10 and 11 can be simplified by noting that the electric
fields along thex andz directions are related to the magnetic figld through the following equatiori:

2

H
EZ=(N*—nJ) (662)2 (18)
A L
E, (nf) N (ecc)z (29)

wherery is the refractive index of the molecular filmg is the refractive index of the medium above the film, &hi the effective
index of the propagating beam (also called Snell’s invariant), which is determined by the propagation angle of the incident beam
and was defined in previous papéfs.

By combining eqgs 8 and 9, we obtain

{[3 — Gos yJ + [-2 — 2¢o¢ y[Jicos OLH [—1 + 3tos y[cos 01, = {[1 + 50< y[J + [2 — 146og yJGos O+
[-3 + 9tos y[itos 61, (20)

Similarly, by combining eqs 10 and 11, and using egs 18 and 19, we obtain
1, (N* = nA){[3 — [0S y[ + [-2 — 2tog y[tos OTH [~1 + 3tos y[Jitos O +

|p,p(:—:)4|\|2{ [4 + 4r¢o$ ycos 60+ [4 — 12eoS yeos 0 = |, (N> — n){[1 + 5o< y[J + [2 — 14tos yBos 6T+
[—3 + 9r¢os yJidos 60 + |plg(%°)4,\|2{ [4 + 4ldoS y[Jdos O[H [4 — 12[¢os y[Jidos 60 (21)
i

As can be observed above, egs 20 and 21 no longer depeBgd, &), andE/?; thus, collecting four different fluorescence intensities
eliminates the need to determine the evanescent field intensities in the molecular film. Equations 20 and 21 relate three unknowns:
[¢os 0L [dos' L) andtog vyl Mathematically, two approaches are possible at this point: one option (method A) is to use a value

for [0 y[J(either assumed on the basis of some theoretical hypothesis or experimentally measured by another technique) and solve
eqs 20 and 21 fortog Hand [dos' Oto get

20N = (I lep — 1sd ) (—1 + 60S y1) — (%?)“Nzapp — 1l {3+ [@og y[) + I (1 + 50s y0)]
Bog Ol = f

(22)
20N = n2)(Iplep — 1sd (=1 + 60S y) — (:_°)4N2(|pp — 1l {1 — o< y[) + I(—5 + 1160S y0)]
T

[¢os o=

2(N* = nA)(

oplsp— lsdpd(1 — 4ltog y - 3[tos y ) — (:—:)4N2(Ipp — 1,91+ 8o yD[l (3 + oS y[ + I (1 + 5o y)]

(—1+ 30 Y| 20N = nA)(1plsp — Isdp)(—1 + B0 yD) — (%:)ANZOW — 1l (—1 — B0 y[) + I (~5 + 11¢oS y0)]
f
(23)

Alternatively, a second option (method B) is to use an independently determined vaktmsféi (most likely measured experimentally
by another technique such as AT and solve eqgs 20 and 21 fatos' 600and [¢o< y[ito get
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(N* = nA) (1ol sp — 1,d (1 — 3o OH- 2[tos ) — (%3)4N2(|pp — 1, )0s Ol — |+ 4l feos Or)
[Gos o= o (24)
(N* = nA) (1ol sp — 1od(—1 + [BoS 1) — (ﬁ) N(Ip = 1dllsd—2 + [BoS 1) + 1,2 + Gog O]
2(N* = n) (1l sp — 1od(—1 + [Go< 1) — (%)ANzapp — 1,1 o{—3 + o< 1) + 1,(1 + 5os 6D
o y= ! (25)

2(N* = n2) (Il gp — 1od (=1 + G0 O0) — (%)ANZ(lpp — 1l e{—1 — o< 00) + 1,5 + 11eos 6D
T

The eqgs derived above are for the case of a linear absorber; analogous equations for a circular absorber are derived in the Appendix
of this paper. In both cases, the second and fourth order parameters, which are defined as the mean value of thie(®esehd,
and fourth,P4(cos 0)[] terms of the Legendre polynomials, can then be calculated from the valuésshf)and [cos' Ly

P,(cos0) = gmosz o0 % (26)
(P(cos0) = o0 0L tcog A0+ (27)

2.2. Orientation Order Parameters. Thus far, we have described the orientation order parameters of the dipoles with respect to
the lab coordinate system through a set of Euler rotation matrices given in eq 5. Such an orientation can be the overall result of
several discrete factoP4.5° As shown in Figure 3, we consider below three possible factors:

(a) R(¢1,01,01), which describes the orientation of the absorption and emission dipoles with respect to the molecular coordinate
system,

(b) R(¢2,62,02), which describes the orientation of the molecular coordinate system with respect to the local coordinate system,
and

(c) R(¢3,03,03), which describes the orientation of the local coordinate system (which may be different from the lab coordinate
system due to roughness features larger than the individual molecules in the film) with respect to the lab coordinate system. This
term describes the effects of surface roughness on the experimental results.

The contributions of all effects are translated into the experimental reR(ftg),a), through the expression

R(¢10!a) = R(¢3,03,(13)'R(¢2,02,0~2)'R(¢1,01,(11) (28)
and by assuming axial symmetry ¢n and¢,, we get
[P,,(cosf) = [P,,(cosh,) P, (cosh,) TP, (cosé,) ] (29)

for 2n = 2, 4, 6, ... The result above is a consequence of the sum of spherical harfdricshe specific case ofr2= 2, the
expression reproduces the result already reported by &treerd later derived by Simpson and Rowlen using a different approach
to account for surface roughness effects on the second order paraiRgiess 0)LP> Here, we also extend the expression for any
even order parameter, as TIRF experimental results also contain informati@(oos 6)[] The experimentally determined order
parameters relating t (the angle between the absorption dipole and the lab surface normal) inherently include these factors, so it
is useful to be able to factor them out in order to recover the distribution of the molecule with respect to the local surface plane.
2.3. Orientation Distribution Based on the Maximum Entropy Method. All of the information on the order parameters obtained
above is determined directly from experimental measurements, and the calculations do not invoke any model for the molecular
orientation distribution. In this section, we will employ concepts of statistics to construct an orientation distribution function that
will describe the probability of having molecules tilted at every angle. We aim to do that when only a few pieces of information
(i.e., a few order parameters) have been experimentally determined. This scenario is a typical problem in statistics (and in information
theory) in which a maximum entropy approach is used to provide the most random probability function that is consistent with a
given set of informatiof? and can be applied to any amount of available information. According to the maximum entropy f#fethod,
the probability distribution can be described by

N(0) = gt EAig(0)] (30)
wheregi(0) (fori = 1, ... ,m) are the experimentally determined (or known) information about the sydiesne the associated

Lagrange multipliersin is an integer defining the number of known order parametersuaadelated to the normalization of the
probability function

JIN@O) sinf do =1 (31)
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JIIN(9) Py(cosb) sinf do =

[ e2PAOIN PN (cos6) sin 6 dO
= [P,(cosh)1(36
Lﬂélzpz(cw)wum(cosc)) sin do o )D(36)
JN(6) P,(cos6) sin6 do =
»y [ ePAOI PN (cos6) sin 6 dO
= [P,(cosO)(37
j(‘)ﬂélzpz(cw)wum(cosc)) sin do o )OE7)

Again, egs 36 and 37 require a numerical procedure to determine

) S . ) ) . the values of the Lagrange multipliers. We note here that an
Figure 2. The absorption dipole is defined along thaxis for a linear It ti ht 34 and 35 Id be to define th
absorbery is the angle between the absorptign,and emissiony, alternative approach for eqs 54 an would be to define them
dipoles. The relation between the molecular and laboratory axes is giveni terms ofgy(6) = cos 6 and gx(6) = cos' 6, as they are
by the Euler matrices with rotations defined as follovesis the angle linearly independent functions, which means that they provide
of rotation around the-axis, 6 is a rotation about thg-axis and defines nonredundant information. However, all Legendre terms are
the angle between the labaxis and the moleculaz-axis, which is orthogonal functions to each other, therefore linearly indepen-
parallel_to the absorption dipole, and the anglis a rotation around dent, and provide a straightforward basis to expand as more
the z-axis. information becomes available.

For the sake of comparison, we describe a Gaussian distribu-
Local tion by

surface-normal

e, / . (022
Molecular N(O) = Ce[ (O-ayrer (38)
i 3 "‘,‘ axis

Lab
surface-normal

,‘ for 0 = 6 < 7/,, with the axial symmetry obtained by assuming

i a, "'»i":.rmw“m N(#) = N(r — 6) for 7/, < 6 < z. As constant in eq 38 is
4—/' dipole determined by normalization of the probability function, the
other fitting parameters of the Gaussian distributia@ndb,
are found by numerically solving the following egs imposed
> by the experimental data:

~ 12 (90— 2)2/2b2
((6—2a)%20?) ;
Figure 3. Cross section of the substrate showing the relationship j(; e P(cos0) sin 6 d¢

betweend,, 6,, and0; projected into thex—z plane. 72 _((9— .
1, 02 3 Proj p j;’r o (0 a)2/2b2) sin@ do

= [P,(cosh)0 (39)

i 2 (o .
Iior the case where only the second order parameter is known, T2 (0 a)2/2b2)P4(COSO) sin6 do
m = 1, we have 0

fﬂ/Ze_((g_a)zlzt)z) sing do = |:E)4(COSB)|:| (40)
9,(6) = P,(cosb) (32) 0

and the value of the Lagrange multiplietp, is found by 3. Discussion

imposing the experimental information available:

3.1. Choice of Method for Order Parameter Derivations.

ﬁ)ﬂN(G) P,(cos@) sin6 df = Method A (egs 22 and 23) can be used to determine the second
% _,Pofcod) ) and fourth order parameters from polarized TIRF data. In this
ﬂ) g4°9)p,(cosh) sin O db case, [60o¢ yO must be assumed, or measured indepen-
T oPalcost) = [P,(cos6)(33) dently18:5859In most of the literature on this topic, values for
ﬁ) &2 sin g do [0 y[Care determined for the molecule of interest in viscous

solutions to eliminate fluorescence depolarization from rotational
Expression 33 is a transcendental equation that requires adiffusion of the fluorophore’283460quations 24 and 25 show
numerical procedure to solve fdi; several numerical ap-  how the fourth order parameter aftbs y[can be calculated
proaches to treat this sort of problem are readily available in from the fluorescence data, provided that the second order

codes such as Mathematita. parameter is independently measured. Using this method, which
For the case where the second and fourth order parametersve call method B, a value oftos y[does not need to be
are known,m = 2, we can write assumed or measured independently. Sitio€ y[can change
significantly depending on the environment of the fluoro-
g,(6) = P,(cos6) (34) phore31:45.61.63t s useful to be able to calculaféos y[directly
in the same environment (in this case, an immobilized film at
0,(6) = P,(cos6) (35) a solid/liquid interface) in which the order parameters are
measured.
with the values of the Lagrange multipliers; and A4, found 3.2. Orientation Distribution with One Order Parameter.

by imposing the experimental constraints: If only one order parameter is measured experimentally, for
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TABLE 1. One Order Parameter Fit with the Maximum 1.00
Entropy Distribution and the Delta, 4, Distribution 2 1
Maximum Entropy e
P,(cos@
(P, (cos 0)) Distribution o Distribution _
.05 0.50 -+

(P.(cos8))

0.00 -

-0.50 ——
-0.5 0 0.5 1
0 P,(cos@
N(O) (P, (cos8))

Figure 4. Graph of possible values @®,(cos 6)0and [P4(cos 6)C
0.25 8 ><

respectively, are excluded because these combinatiof®;(@os 6)0]
and [P4(cos #)values are not possible. The dashed line indicates the
combinations that are well-defined by the delta distribution. The three
vertical lines (a, b, and c) show the valuesB$(cos 6)Jand [P4(cos
6)Othat were used in the calculations shown in Figure 5.

3.3. Orientation Distribution from Two Order Parameters.
We now consider a scenario where two order parameters are
known; in particular, we deal with the situation wheR(cos
0)CandP4(cosh)Care determined, although other combinations
of order parameters could be treated simil&flifigure 4 shows
the mathematical domain of physically meaningful values
for P,(cos O)dand P4(cos O)[1 As described in previous
1.0 works1:16.27.64the two limiting curves of the physical domain
are defined by (a, upper curvi,(cos )= 51,[P,(cos ) [H
I1> (which is a consequence afos' O0< [dog 60 and (b,
lower curve)P4(cos )= 3%1gP,(cosH) @ — >gPx(cosH)—
15 (due to the Schwarz inequalifgos 0= [¢os 603). This
physical domain is established purely on the basis of mathemati-
cal arguments and is independent of any orientation distribution;
example [P,(cosf)from polarized ATR absorbance measure- therefore, any valid experimental data, that is, a pair of values
ments, the orientation distribution can be determined from eqs given by{[P,(cos 6)[IP4(cos 6)J, must fall within this area.
30—33. Table 1 shows the radial plots for the orientation Next, we examine the delta, Gaussian, and maximum entropy
distribution determined for different values @,(cosf)using approaches for describing an orientation distribution for possible
the maximum entropy method. For comparison, the correspond-values of[P»(cos )Uand [P4(cos 8)[] As a delta distribution
ing orientation distribution determined using a delta function dictates thatldog 0@ = [Gos' 60 this distribution is only
is also shown. As illustrated in Table 1, the delta function consistent with points in the lower limiting curve (dashed line)
describes the most ordered distribution that is consistent with of Figure 4. Any other point in the two-dimensional physical
the experimental order parameter, while the maximum entropy domain cannot be described by a delta distribution.
method creates the most random distribution of dipoles that also  The maximum entropy and Gaussian distributions are com-
satisfies the same order parameter. WHRifcos 0)[is close pared at several pointgIP,(cos 0)[JP4(cos ) of the 2-D
to the extremes of-0.5 and 1, the dipoles are either parallel, domain shown in Figure ¥.50.60.6466 Eor each point, we have
[¢og A= 0, or perpendiculariéog 6= 1, to the substrate.  used a Mathematica routine (root-find) to numerically solve for
At the extreme values @P,(cosf)L]the plots in Table 1 indicate  the fitting parameters that are present in the maximum entropy
that the distributions created using the two models converge todistribution in egs 36 and 37 (Lagrange coefficieltgnda,)
the same profile and agree well. However, at intermediate valuesand in the Gaussian distribution in eqs 39 and 40 (constnts
of —0.5 < [Py(cos H)J < 1, the two distributions show and b). Once the fitting parameters were determined, the
significantly different profiles, although they both have the same distribution functions were used to recalculate the two order
order parameter. Additional order parameters can be logically parameters. For the maximum entropy method, the numerical
incorporated into the maximum entropy function to define more routine could always find a set of, and 14 values that
details of the distribution profile (as will be shown ne¥&)y461 simultaneously solved eqs 36 and 37, while, for the Gaussian
In comparison, the delta function is completely defined and fixed approach, the numerical approach had difficulty converging to
with just one order parameter, and if the molecular system is a solution fora andb to simultaneously satisfy eqs 39 and 40
not fully ordered, any additional order parameter would show at several points. To quantify the ability of each distribution to
the inconsistency of the delta distribution approach. describe a particular point of the 2-D domain, we define an

Regions 1 and 2, above the solid line and below the dashed line,
0.85

@ Polar plot representations are explained in one of the plots, where
the length of the dashed line is proportional to the probability density.
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1.£01 .--® TABLE 2: Two Order Parameter Fit with the Maximum
1.E-03 . Entropy Distribution 2
a J
1.E-05 ) . 0.35 0 025 0.625 0.85
1.E-07 4 n
1.E-09 7 o
1.E-11 - c---a
1.E-13 T T
-0.40 -0.20 0.00 020 0.40 060
\V
0.4156 04375 0.556 0.669
1.E-01 ..___.___.__..__..._.l 0.806
1E-03 - q"' N \
1E-05 - b) ' )
8 1Eo7 .
B ool :
o 1E094 .
) " :
g = W 0.394 0.1313 0.294
Z 1E13. . g . 0494 0.719
-0.40 -0.20 0.00 0.20 0.40 0.60 —
— <
1E-01 - .___.___.___.____.__._..i \_/p \/)
1.E-03 - . 0.263 P
y 0.119
1.E-05 c) ': 0.3625 0.631

1.E07 K —~ )
1.E-09 ;. N\ \\v/ 7 Q\”/j >
1E-11 ‘WV C/EMQ / / \\ AN />/"<\ /
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1E-13 : : ‘ : ; ‘ ‘ ‘ &
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002 012 022 032 042 052 062 072 082 0.144 0.1875 0.5875
N 7 N VY NV \//
D@ N N/ \/
(P.(cos6)) | AN VAN
0.0875 = NS N / A A

) ) . -0.35° -0.363° 0.0563° 0561
Figure 5. Graphs showing the error for different values [&(cos

0)0 (a) Px(cos)I= O, (b) Px(cosH)= 0.25, and (c]Px(cost)= aEach column is a differeriP,(cos8)value (indicated in the first
0.625 for the Gaussian distribution (squares connected by a dashedow), and each box contains an orientation distribution created with
line) and the maximum entropy method (diamonds connected by a solid the [P4(cos 6)Cvalue shown in the box. An asterisk signifies that the
line). fit for the Gaussian distribution is also acceptable.

error function as the sum of the absolute difference between

the left-hand side (LHS) and the right-hand side (RHS) of eds tag| E 3: Two Order Parameter Fit with the Maximum
36 and 37,|[LHS — RHSegss + [LHS — RHS|eq33 for the Entropy Distribution and the Gaussian Distribution
maximum entropy approach; we apply an identical definition

but use the corresponding eqs 39 and 40 for the Gaussian (P(cos6)) (P.(cos 0))
distribution. Figure 5 shows the error for the Gaussian and
maximum entropy fittings for three fixed values [@,(cos ) 0 2038 ><
= 0, 0.25, and 0.625, in plots a, b, and c, respectively, with
values offP4(cosf)spanning across the whole possible range.
From these plots, we observe that the error is always numerically 0 -0.26

very small for the maximum entropy approach (essentially

round-off error); however, for the Gaussian distribution, we can

clearly locate a transition between a region that is well fit and 0.25 04

<
K
a region that cannot be properly fit. For any value®$(cos

0)] when[P4(cos 0)lis close to the lower limiting curve, the ~—
fitting is acceptable; however, 84(cos)approaches roughly % gg

Maximum Entropy Gaussian
Distribution Distribution

the midway point of the allowable range for a fix&8,(cos 023 0078
0)Llthen the error sharply increases and the Gaussian distributior
is clearly a poor fit beyond that point. Therefore, the region of
the physical domain shown in Figure 4 that can be described 0.25 0.037
well with a Gaussian distribution is located near the lower
boundary of the whole domain.

Table 2 illustrates the orientation distributions calculated with 0.625 0.03
the maximum entropy method for different combinationSrf
(cos @)and [P4(cos #) that span the whole physical domain.
For those points in Figure 4 where the Gaussian distribution 0.625 0.19
also provides a good fit (a subregion of the whole physical
domain), Table 3 compares the shapes of the distributions
determined from the Gaussian and maximum entropy methods.
By comparing the orientation distributions in Table 3, we
observe that when the Gaussian distribution is successful in
achieving a good fit, the shape of its orientation distribution is
similar to the one produced by the maximum entropy method.

0.625 0.28
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While the Gaussian distribution can describe more combina- y'—Z), the absorption dipole for a circular absorber can be
tions of order parameters than a delta function, which is strictly described as follows:
confined to lower limiting curve, it still only covers a small
region of the full domain of the order parameters. In contrast,

the maximum entropy distribution can provide an orientation Uy u/\/é
distribution for every possible combination of order parameters. Hy | = ﬂ/\/i (A2)
Near the upper boundary of Figure 4, the a priori shape of the Uy

Gaussian distribution cannot describe distributions that have

maxima at polar angles of 0 or @0rhe same is true for values

of P,(cos 0)Tand [P4(cos H)[close to the isotropic values of  and the emission dipole:
zero, where the orientation distribution does not have a well-

defined maximum, and the Gaussian also fails to provide a

reasonable fit. Vy viv2
vy | = RBY)|viv2 (A3)
vV, 0

4. Conclusions

We have described two methods for determining order with
parameters for a molecular film using polarized fluorescence
techniques based on total internal reflection. In method A, . .
fluorescence data are used to deterniiRgcos 6)0and [P4- cosf 0 sinf cosy —siny 0
(cos )by assuming (or independently measuring) a value for R(B,y)=|0 . 10 siny cosy 0] (A4)
[¢og y[J Method B uses the fluorescence data along with an —sinp 0 cosf/\0 0 1
independently measured value®%(cos6)to determingP,-
(cos6)andltos y[1The advantage in using the latter approach
is that[¢o< y[can be recovered with the chromophores located
in the physical/chemical environment of interest (e.g., confined
to a solid/liquid interface). Mathematical formalisms for deter-
mining the effects of substrate roughness on the even numbered
order parameters are also presented. From a pair of experlmen 2,2
tally determined order parameters, an orientation distribution lss= [dyvy EEEy {[1 + 2[eog yO-B+ 2[¢os OH
can be constructed using the maximum entropy method. We 4 2 22
compared the maximum entropy method with two other 3(¢os’ OJ}u"v = (A8B)
orientation distribution models, the delta and Gaussian distribu-
tions, showing that the maximum entropy method is capable of
fitting the physical domain composed of all possible values of Is, = mtyz XZDEy {[1 + 2[¢og yJ + 2[11 —

[P,(cos #)and MP4(cos O)[) unlike the other two distribu- 5
tions that have significant limitations in their applicability. In  10[€0 yJ@og 95+ [1 + 2¢o yJicos' 00u*°E} (A9)
the following paper, we apply the formalisms developed here

to study cytochromec protein films formed by different

techniques (direct adsorption out of solution and microcontact 1

printing) on both dielectric and electroactive substrates (glass |, , = [, E? + [, v (E; = et 2[eos yI3 +
and ITO).

where y and 8 account for the in-plane and out-of-plane
depolarization, respectively. Neglecting the out-of-plane depo-
larization, we get

o0 O+ 30 O} o 2E2 + gi4{ 3 — 220 y1] +
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Appendix: Fluorescence Intensity Expressions for the 6_4{[3 — 2leos v+ 2[2Eto§ rb 1]Eto§ oL
Case of a Circular Absorber [2@:0§ y[H 1]@054 00y #21/2E22 (A1)

In this appendix, we determine analogous equations for a
circular absorbe#?3%with the equations numbered to correspond The expressions above agree with those from Tronin &24l.
with those already presented in this paper for the case of a linearafter a couple of errors are fixed in their publication. In egs 12
absorber. The case of a circular absorber has been reported bynd 13 of the referenced artide34the numerical term¥,4 and
Tronin et al.®3 however, there are errdrs8in their auxiliary 3/, should be associated only with thieterm and it should be
eqgs 12 and 13 that preclude their use for the derivation of ((Y4)u + q) instead of ¥4)(u + q) and (&/4)u — q) instead of
the order parameters. In the molecular coordinate system ( (3/4)(u — q).
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Method A:

n 4

(i) N*(lp = 1,9 (Blgp— 19
(o< 0= (A22)

AN" = n)(Ipplsp — 1dpd(—1 + [B0S YO — ( )NZ(I

[Gos o=

— 1.l —5 + 4Gos y[) + I (—1 + 4tos yD)]

=4’ = n2)(Ilep = 1sd ) (=1 — [G0S y O 20¢0g ) + ( ) N(1p — 1,9[1s{17 — 26(60S y [+ 8lcos ) + I (—3 — 2[¢os y[H- 8leos y[)]

(1+ 2o yD{4(N2— ) (Ipplep = ledpd(—1 + GO YD) — ( ) N(l,

— 1[5+ 4os y + I (~1 + 4os y[]]}

(A23)
Method B:
God o=
—2(N° = nA) (Il ep — 1pd J[3IC0S O+ 2[¢0s 1] + Nz(r;]i)‘l(lpp — 1,9l {1 — 3¢os O~ 6ltos 1) + I, (—3 + [Gog OLH- 2[eos O1F)]
6(N* — n ) (I pplgp — I pd G0 O~ NZ( ) (Ipp = 1,911 + 7E0S 60) + 31 (~1 + [BoS 6D)]
(A24)
4N? = n2) (1 plsp + 1o )OS OTH-N (nf) (Ip = 1p9llss+ 15 —3 + o< 00 + 5l [eos 0[]
[Gog y[= (A25)
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